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Abstract
We study the stability and instability of harmonic and minimal unit vector fields and the existence of absolute
minima for the energy and volume functional on three-dimensional compact manifolds, in particular on compact
quotients of unimodular Lie groups.  2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let (M,g) be a Riemannian manifold and denote by (T1M,gS) its unit tangent sphere bundle equipped
with the Sasaki metric gS. Furthermore, let X1(M) denote the set of smooth unit vector fields on M
which is supposed to be non-empty. This implies, when M is compact, that its Euler characteristic is
zero. Every V ∈ X1(M) determines a mapping between (M,g) and (T1M,gS) embedding M into its
tangent unit sphere bundle T1M. If M is compact and orientable, the consideration of unit vector fields
as smooth sections leads to the introduction of two functionals on X1(M): the energy of V [38] which is
the energy of the corresponding map and the volume of V which is the volume of the immersion.
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A unit vector field V is said to be harmonic if it is critical for the energy functional and it is said to
be minimal if it is critical for the volume functional. The critical point condition for the energy or the
Euler–Lagrange equation for this variational problem has been determined in [36] (see also [38]), where
the author studied the total bending of V which, up to constants, equals the energy, and the corresponding
critical point condition for the volume is determined in [15]. A unified approach for both cases is
presented in [12] where the notions of harmonic and minimal vector fields have also been extended to unit
vector fields on non-compact and non-orientable manifolds. They are just unit vector fields which satisfy
the critical point condition. It is worthwhile to note that minimal vector fields correspond to minimal
submanifolds V (M), that is, these vector fields are also critical points for the volume functional on the
larger space of all immersions of M into T1M, but the harmonic unit vector fields are not necessarily
critical for the energy functional on all maps from (M,g) to (T1M,gS). They only determine harmonic
maps when an additional condition involving the curvature is satisfied. The harmonicity and minimality
of a unit vector field and the harmonicity of its corresponding map have been considered in [3–5,11–15,
20–23,28,32–34] where a lot of examples are provided.
The study of the volume of unit vector fields is motived by the work of Gluck and Ziller [18] who
considered Hopf vector fields as the candidates to be absolute minimizers and showed that it is the case
for the unit 3-sphere. Their method is based on calibrated geometries and their result cannot be extended
to higher-dimensional spheres. In fact, Johnson [26] showed that the Hopf vector fields on S5 are not
local minimizers of the volume and O. Gil-Medrano and E. Llinares-Fuster [16] extended this result
to S2m+1, m 2. Recently, F. Brito in [7] and also A. Higuchi, B.S. Kay and C.M. Wood in [24] obtained
that the Hopf vector fields on the unit 3-sphere S3 are the unique absolute minimizers of the energy
functional. Moreover, D.S. Han and J.W. Yim proved in [23] that these vector fields are characterized
as those determining harmonic maps into its unit tangent bundle. Previously, G. Wiegmink had proved
in [37] their stability. He showed that the Hessian of the energy functional at every Hopf vector on S3 is
positive semidefinite and that it is positive definite in directions transversal to the set of all Hopf vector
fields. The proof depends on the dimension; in fact, C.M. Wood showed in [38] that for S2m+1 with
m> 1, Hopf vector fields are unstable with an energy index at least 2m+ 2. So, they do not minimize,
even locally, the energy functional (see also [39]).
Because of these special features of the energy and volume functional on higher-dimensional spheres,
a corrected energy has been introduced in [7,13] and then one has been able to characterize the Hopf
vector fields as absolute minimizers of it. Instead of following this way of research, the main purpose
of this paper is to investigate stability and instability of critical points and the existence of absolute
minima of the classical energy and volume functionals on compact manifolds which are not necessarily
spheres. Furthermore and since the Hopf vector fields on the (2n + 1)-spheres are precisely the unit
Killing vector fields on it, we are particularly interested in the role played by these last vector fields
in the stability problem and the determination of absolute minima. This research is also motived by
the following result. In [22], we considered unit Killing vector fields on three-dimensional Riemannian
manifolds (M3, g) and proved that such a unit vector field V is minimal if and only if it is harmonic.
So, we became interested in the relationship between the three considered notions of unit vector fields
and in the problem of deciding about the equivalence of being Killing vector fields or being absolute
minimizers for the energy or volume functional. Motivated by these observations and after giving a list
of preliminaries in Section 2, we study the absolute minima for energy and volume of unit Killing vector
fields on three-dimensional compact Riemannian manifolds in Section 3 and we derive, under some
additional curvature condition, an existence and uniqueness result in Theorem 3.4. Then, in Section 4,
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we consider the mentioned problem for unit vector fields V on compact quotients of (unimodular) Lie
groups where V is the projection of a left-invariant unit vector field on the Lie group. By using Milnor’s
treatment and classification [21], we first derive a result about instability and then we use our results to
obtain a lot of examples of minimizing or stable V and unstable Killing unit vectors V. We note that all
the obtained stable V are Killing and up to now we have not found, in dimension three, a non-Killing V
which realizes an absolute minimum or is even only stable for the energy or volume.
2. Energy and volume of a unit vector field
Let (M,g) be an n-dimensional compact and oriented Riemannian manifold and let (T1M,gS)
be its unit tangent bundle equipped with the associated Sasaki metric gS. ∇ denotes its Levi-Civita
connection and R the corresponding Riemannian curvature tensor taken with the sign convention RXY =
∇[X,Y ] − [∇X,∇Y ] for all smooth X, Y. Each unit vector field V defines an immersion V :M → T1M,
x 
→ Vx, x ∈ M, of M into T1M and so, V can be considered as a submanifold of T1M where the
pull-back metric V ∗gS on M is given by
(2.1)(V ∗gS)(X,Y )= g(X,Y )+ g(∇XV,∇YV ).
Hence, V is an isometry if and only if V is ∇-parallel.
The energy functional of a unit vector field V is defined as the energy of the map V : (M,g)→
(T1M,gS). For maps f : (M,g) → (N,h) between Riemannian manifolds, M being compact and
orientable, the energy or the action integral of f is the integral
E(f )= 1
2
∫
M
‖f∗‖2 dv,
where ‖f∗‖ is the norm of the differential f∗ of f with respect to the metrics g, h and dv denotes the
volume form on (M,g). Here, ‖f∗‖2 = trg(f ∗h) and locally, on the domain of a local orthonormal basis
{Ei, i = 1, . . . , n}, it can be expressed as ∑ni=1 h(f∗Ei, f∗Ei). (For more information about the energy
functional see [8,9,35].) The critical points of this functional on C∞(M,N) are known as harmonic maps
and they have been characterized by Eells and Sampson [10] as maps with vanishing tension field.
We define the operator AV and LV as
AV =−∇V, LV = I +AtVAV ,
V ∈X1(M). Then, using (2.1), it follows that the energy E(V ) of V is given by
E(V )= 1
2
∫
M
trLV dv = n2 Vol(M,g)+
1
2
∫
M
‖AV ‖2 dv.
The relevant part of this formula, B(V ) = 12
∫
M
‖∇V ‖2 dv, is known as the vertical energy
functional [38] or, up to normalization, as the total bending of the vector field V [36]. Evidently,
B :X1(M)→ R is always non-negative and B(V ) is zero if and only if V is ∇-parallel. So, the notion
of total bending provides a measure of how a unit vector field fails to be parallel with respect to the
Levi-Civita connection.
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The volume Vol(V ) of the vector field V is the volume of the corresponding submanifold V (M) in
(T1M,gS) and it is given, applying again (2.1), by
Vol(V )=
∫
M
f (V )dv
where f (V )= (detLV )1/2.
For each V ∈X1(M) one obtains the decomposition X(M)=HV ⊕V,where V is the one-dimensional
distribution spanned by V and HV is the space of smooth vector fields in the horizontal distribution
determined by V and the metric g. Then X1(M) can be endowed with a structure of Fréchet manifold,
compatible with its C∞-topology, such that each V ∈ X1(M) is contained in a chart modelled on HV
and, consequently, TVX1(M)=HV . X1(M) is a Fréchet submanifold of the Fréchet vector space X(M).
A proof of these results is given in [28] and it is based on [17]. With this structure of manifold on X1(M),
we can now consider critical points of the energy and volume functional. As is well-known, critical
points of some specific functionals may determine interesting geometric properties. In what follows, we
consider this for the two mentioned functionals.
The critical point condition for the energy functional or the Euler–Lagrange equation on closed and
oriented Riemannian manifolds is given as follows [36,38]: V ∈ X1(M) is a critical point for the energy
functional E if and only if the one-form νV , defined by
νV (X)= tr
(
Z 
→ (∇ZAtV )X),
vanishes on the distribution HV .
For general Riemannian manifolds (M,g), not necessarily closed and oriented, a unit vector field
satisfying this condition is called a harmonic unit vector field. The critical points of the energy on the
space X(M) of all smooth vector fields on M are characterized as those verifying νV (X) = 0 for all
smooth vector fields X (see [12]). On a compact manifold, a vector field satisfies this condition if and
only if it is parallel [25,27].
The map V : (M,g)→ (T1M,gS) turns out to be a harmonic map, that is, its tension field vanishes, if
and only if V is a harmonic unit vector field such that the one-form ν˜V , defined by
ν˜V (X)= tr
(
Z 
→R(AVZ,V )X
)
,
vanishes for all vectors X [12].
In [15], it is proved that V is a critical point for the volume functional if and only if the one-form ωV
defined by
ωV (X)= tr
(
Z 
→ (∇ZKV )X
)
,
where KV =−f (V )L−1V ◦AtV , vanishes on HV . This is equivalent to the condition that the submanifold
V (M) of (T1M,gS) should be minimal. Such a unit vector field is called a minimal unit vector field, even
when M is possibly non-compact or non-orientable.
In order to determine the stability of a harmonic (respectively, minimal) vector field, we need to know
the second variation formula of the energy (respectively, volume) or the corresponding Hessian form.
For V ∈ X1(M) harmonic, the Hessian form for the energy at V is the quadratic form (HessE)V on
TVX
1(M) given by
(HessE)V (X)= d
2
dt2
∣∣∣∣
t=0
B
(
γ (t)
)
, X ∈ TVX1(M)=HV ,
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where γ : I → X1(M), t 
→ γ (t), is a smooth curve in X1(M), I an open interval of R such that 0 ∈ I
and γ (0)= V, γ ′(0)=X.
For a closed and oriented Riemannian manifold, the Hessian form (HessE)V at a unit harmonic vector
field V ∈ X1(M) takes the form [36]
(2.2)(HessE)V (X)=
∫
M
(‖∇X‖2 − ‖X‖2‖AV ‖2)dv,
where X ∈HV .
A unit harmonic vector field V is said to be stable if (HessE)V (X)  0, for all X ∈ HV or,
equivalently, the associated bilinear symmetric map, that is the Hessian of E at V, is positive
semidefinite. The index (respectively, nullity) of V is the index (respectively, nullity) of this bilinear
map. Note that if (HessE)V is semidefinite, then {X ∈ HV | (HessE)V (X) = 0} is the subspace
{X ∈HV | (HessE)V (X,W)= 0, for all W ∈HV } and its dimension coincides with the nullity of V.
In a similar way, we can study the Hessian form for the volume at a minimal unit vector field V. Here,
the computation of the second variation of the volume is much more complicated than that of the energy.
The Hessian of Vol at V is given, for each X ∈HV , by [16]
(Hess Vol)V (X)=
∫
M
‖X‖2ωV (V )dv +
∫
M
1
f (V )
((
tr(KV ◦ ∇X)
)2 − tr((KV ◦ ∇X)2))dv
+
∫
M
tr
(
L−1V ◦ (∇X)t ◦AV ◦KV ◦ ∇X
)
dv
(2.3)+
∫
M
f (V ) tr
(
L−1V ◦ (∇X)t ◦ ∇X
)
dv.
3. Killing vector fields on three-dimensional manifolds. Absolute minima
Let V be a unit Killing vector field on an arbitrary Riemannian manifold (M,g). Then AV is skew-
symmetric and we have
g(RXYZ,V )= g
(
(∇ZAV )X,Y
)
for all X,Y ∈HV (see for example [19]). Hence, we obtain
νV (X)= ρ(V,X)
where ρ denotes the Ricci tensor of type (0,2). This yields (see also [12])
Proposition 3.1. A unit Killing vector field is harmonic if and only if it is an eigenvector of the Ricci
operator.
Consequently, the characteristic vector field of a Sasakian manifold is always harmonic and it
determines a harmonic map into its unit tangent bundle [22]. Moreover, it is minimal [20]. For the three-
dimensional case, we have
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Proposition 3.2 [22]. Let V be a unit Killing vector field on a three-dimensional Riemannian manifold
(M,g). Then the following statements are equivalent:
(i) V is minimal;
(ii) V is harmonic;
(iii) the map V : (M,g)→ (T1M,gS) is harmonic;
(iv) V is an eigenvector of the Ricci operator.
For the spaces admitting critical Killing vector fields, we have
Theorem 3.3 [22]. Let V be a unit Killing vector field on (M3, g). Then V is harmonic if and only if
(i) V is parallel or, equivalently, the distribution HV is integrable (M3 is locally a product of the two-
dimensional integral manifolds and the integral curves of V ), or
(ii) (M3, g) is homothetic to a Sasakian manifold with almost contact metric structure (ϕ = c−1AV ,
ξ = c−1V , cη, c2g), where η is the dual one-form of V with respect to g and c is a non-vanishing
constant.
Hence, it follows that A2V = c2(−I + η ⊗ V ). Note that (i) corresponds to the case where AV is
the null endomorphism, that is, c = 0. Moreover, the properties of the curvature tensor of a Sasakian
manifold imply that our manifolds (M3, g) satisfy the following condition: Let Xm ∈HV (m), m ∈M,
then the V -sectional curvature corresponding to Xm, that is, the sectional curvature K(Vm,Xm) of the
plane section generated by Vm and Xm, is equal to c2 for all m ∈M. In that case, we say that M has
constant V -sectional curvature c2.
Imposed conditions on the V -sectional curvature and the sectional curvatures of horizontal sections
in each point of the manifold supply a first approach to the stated problem in the Introduction and so,
sufficient conditions for the existence of absolute minima for the energy and the volume functional.
Theorem 3.4 (Existence of minima). Let (M3, g) be closed and oriented three-dimensional Riemannian
manifold equipped with a fixed harmonic (or equivalently, minimal) unit Killing vector field V. If
K(HV ) c2 at every point of M3, then the vector fields ±V minimize the energy and the volume and
E(V )=
(
3
2
+ c2
)
Vol
(
M3, g
)
, Vol(V )= (1+ c2)Vol(M3, g).
Moreover, if K(HV ) > c2, ±V are the unique unit vector fields on (M3, g) which minimize the energy
and the volume.
Before proving this theorem, we give the following direct consequence for Sasakian manifolds.
Corollary 3.5. On a closed 3-dimensional Sasakian manifold with ϕ-sectional curvature H  1, the
characteristic vector field ξ and −ξ minimize the energy and the volume. If H > 1, the unique minimizers
are ±ξ.
Remark 3.6. On the unit sphere S3 ⊂R4, equipped with suitable metrics, we can now obtain unit Killing
vector fields which minimize the energy and the volume. In fact, denote by (ϕ, ξ, η, g) the natural almost
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contact metric structure on S3, and in general S2n+1 ⊂ R2n+1 (see, for example, [1]), with the metric g
induced by the Euclidean metric of R4 as compatible metric. Such structure is Sasakian and ξ is precisely
the standard Hopf vector field. The deformed structure
η∗ = αη, ξ ∗ = α−1ξ, ϕ∗ = ϕ, g∗ = αg+ α(α− 1)η⊗ η,
where α is a positive constant, makes of S3 a Sasakian space form with constant ϕ-sectional H = 4
α
− 3
> −3. Hence, for α  1, the vector field ξ ∗ on (S3, g∗) attains a minimum for the energy and for the
volume and this one, together with −ξ ∗, are the unique minimizers when α < 1.
For the proof of Theorem 3.4 we first remark that the total bending can also be expressed through the
integral formula, known as the integral formula of Bochner–Yano [2], [30, 5.9, 5.10],
(3.4)B(X)= 1
2
∫
M
(
ρ(X,X)+ 1
2
‖LXg‖2 − (divX)2
)
dv,
where ρ is the Ricci tensor of type (0,2), divX is the divergence of X, LXg is the Lie derivative of g
and ‖LXg‖2 =∑ni,j=1((LXg)(Ei,Ej ))2 for any orthonormal frame {E1, . . . ,En}.
If X is a Killing vector field, it follows, by definition, that LXg = 0 and also divX = 0. Hence,
B(X)= 12
∫
M
ρ(X,X)dv. In particular, on Einstein manifolds all unit Killing vector fields (if existing)
have the same energy.
Next, we prove in a direct way a lemma, also obtained in [7] as a consequence of a general result. (See
also [24, Proposition 4.1].)
Lemma 3.7. Let (M3, g) be a closed and oriented Riemannian manifold and X a unit vector field on it.
Then
B(X) 1
2
∫
M3
ρ(X,X)dv.
Proof. Let m ∈M and {e1, e2, e3} be an orthonormal basis of TmM with e3 = Xm. Then, at m, putting
Aij = g(AXei, ej ), 1 i, j  3, we have
(LXg)(ei, ej )= g(∇eiX, ej )+ g(∇ejX, ei)=−(Aij +Aji).
From here we get
‖LXg‖2 = 2
3∑
i,j=1
{
(Aij )
2 +AijAji
}
.
Now, taking into account that Ai3 = 0, i = 1,2,3, we obtain
1
2
‖LXg‖2 − (divX)2 =
3∑
i,j=1
{
(Aij )
2 +AijAji −AiiAjj
}
= (A11 −A22)2 + (A12 +A21)2 + (A31)2 + (A32)2  0
and the result follows by applying (3.4). ✷
232 J.C. González-Dávila, L. Vanhecke / Differential Geometry and its Applications 16 (2002) 225–244
For the volume, the following result is proved in [7].
Lemma 3.8. Let (M3, g) be a closed and oriented Riemannian manifold and X a unit vector field on it.
Then
Vol(X)
∫
M3
(
1+ 1
2
ρ(X,X)
)
dv.
Proof of Theorem 3.4. Let V ∈X1(M) be a harmonic Killing vector field. Since A2V = c2(−I +η⊗V ),
we get
LV =
(
1+ c2)I − c2η⊗ V.
Then, trLV = 3+ 2c2, detLV = (1+ c2)2 and we obtain directly the expressions for E(V ) and Vol(V ).
Moreover, for each point m ∈M, there exists an orthonormal basis {e1, e2, e3} of TmM with e3 = Vm,
such that
AV e1 = ce2, AV e2 =−ce1, AV e3 = 0.
Then, {e1, e2, e3} is a basis of eigenvectors for the Ricci operator [1,22] and
ρ(e1, e1)= ρ(e2, e2)=K
(HV )+ c2, ρ(e3, e3)= 2c2.
Now, let X ∈X1(M3) and put Xm =∑3i=1 xiei . Then we get
ρ(X,X)= (K(HV )+ c2)(x21 + x22)+ 2c2x23
(3.5)= 2c2 + (K(HV )− c2)(x21 + x22) 2c2 = ρ(V,V ).
So, using Lemmas 3.7 and 3.8, we have
B(X) 1
2
∫
M3
ρ(X,X)dv  c2 Vol
(
M3, g
)= B(V )
and
Vol(X)
∫
M3
(
1+ 1
2
ρ(X,X)
)
dv 
(
1+ c2)Vol(M3, g)=Vol(V )
and ±V are minimizers for the energy and for the volume.
Finally, suppose that K(HV ) > c2 and that X ∈ X1(M3) satisfies B(X)= B(V ) or Vol(X)=Vol(V ).
From these last inequalities, and taking into account that ρ(X,X) ρ(V,V ), it follows that ρ(X,X)=
ρ(V,V ). So, (3.5) turns into an equality and then, x21 + x22 = 0 or, equivalently, X =±V. ✷
4. Energy and volume on compact quotients of three-dimensional unimodular Lie groups
The action of any discrete subgroup Γ of a Lie group G by left translations is free and properly
discontinuous. Consequently, the set of orbits, that is, the space of right cosets Γ \G, is a C∞ manifold
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and the natural projection π, taking each x to its orbit Γ x, is a C∞ mapping (see, for example, [6]).
Moreover, each left invariant vector field on G descends to Γ \G, or equivalently, if X is left-invariant,
then π∗Xba = π∗Xa, for all a ∈G and b ∈ Γ. In fact, we have
(π ◦Lb)(a)= Γ ba = Γ a = π(a)
and, using the condition to be left-invariant, we conclude
π∗Xba = (π ◦Lb)∗Xa = π∗Xa.
In a similar way, each left-invariant metric on G and, in general, all its left-invariant tensor fields, descend
to the quotient space. So, Γ \G is a Riemannian manifold with the same curvature properties for the
curvature tensor as on G. Also, the projections of left-invariant unit vector fields preserve the properties
to be Killing, harmonic, minimal and to determine harmonic maps into the corresponding unit tangent
bundles.
For our investigations we focus on the case of compact Γ \G. Note that a necessary and sufficient
condition for compactness is the existence of a compact subset K ⊂G whose Γ -orbits cover G, that is,
ΓK =G. In particular, when a three-dimensional Lie group G is unimodular, then it admits a discrete
subgroup Γ such that Γ \G is compact and conversely [29]. In what follows, we therefore focus on
three-dimensional unimodular Lie groups and their corresponding quotients Γ \ G. We shall denote
left-invariant vector fields on G and their corresponding projections on Γ \G by the same letter.
Let G be a three-dimensional unimodular Lie group, g its Lie algebra and g the left-invariant metric on
G defined by the inner product 〈 , 〉 on g. Then tr adX = 0 for all X ∈ g, and there exists an orthonormal
basis (e1, e2, e3) of g such that
(4.6)[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3
where λ1, λ2, λ3 are constants [29]. Let θ i, i = 1,2,3, be the dual one-forms of ei, i = 1,2,3. Then the
Levi-Civita connection ∇ is determined by
(4.7)∇ei = µkej ⊗ θk −µjek ⊗ θj ,
where (i, j, k) is a cyclic permutation of (1,2,3) and
µi = 12 (λj + λk − λi).
This implies
(4.8)µ2i −µ2j = λk(λj − λi).
In what follows we also denote by ei, i = 1,2,3, the left-invariant vector fields on G determined by
ei ∈ g. Then, for X =∑3i=1 xiei ∈X(G), we have
‖∇X‖2 =
3∑
i,j=1
(
ei(xj )
)2 + (µ22 +µ23)x21 + (µ21 +µ23)x22 + (µ21 +µ22)x23
+ 2µ1
(
x2e1(x3)− x3e1(x2)
)+ 2µ2(x3e2(x1)− x1e2(x3))
(4.9)+ 2µ3
(
x1e3(x2)− x2e3(x1)
)
.
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Table 1
Signs of λ1, λ2, λ3 Associated Lie groups
+,+,+ SU(2) or SO(3)
+,+,− SL(2,R) or O(1,2)
+,+,0 E(2)
+,0,− E(1,1)
+,0,0 Heisenberg group
0,0,0 R⊕R⊕R
The curvature two-forms Ωij , i, j = 1,2,3, with respect to (e1, e2, e3) are given by
Ωij (X,Y )=−
1
2
θ i(RXYej ), X,Y ∈ g,
and the second structure equations yield
(4.10)Ωij =
{
µk(µi +µj )−µiµj
}
θ i ∧ θj
where (i, j, k) is a cyclic permutation of (1,2,3). Hence, the Ricci tensor ρ is given by
ρ = 2{µ2µ3θ1 ⊗ θ1 +µ1µ3θ2 ⊗ θ2 +µ1µ2θ3 ⊗ θ3},
which shows that (e1, e2, e3) is a basis of eigenvectors for ρ.
Following [29] and according to the signs of λ1, λ2, λ3, we have six kinds of Lie algebras as described
in Table 1. Using this classification and a special characterization for invariant harmonic and minimal
unit vector fields, we obtained in [21] the complete classification of all left-invariant harmonic unit
vector fields on three-dimensional unimodular Lie groups and those which define harmonic maps into
its unit tangent bundle. The corresponding classification of all left-invariant minimal unit vector fields
is determined in [33]. It follows that on three-dimensional unimodular Lie groups, a left-invariant unit
vector field is harmonic if and only if it is minimal. This class of examples of harmonic and minimal
vector fields yields, by means of projections, examples of vector fields on compact quotients (see Table 2).
It provides the complete set of harmonic and minimal unit vector fields which are invariant for the induced
action of G on Γ \G. Here, S denotes the unit sphere in the Lie algebra g of the unimodular Lie group G
with respect to 〈 , 〉.
Remark 4.1. We note that a straightforward computation using (4.7) shows the following result:
A left-invariant vector field X =∑xiei on a unimodular three-dimensional Lie group is Killing if and
only if
(i) λ1 = λ2 = λ3 and X is arbitrary;
(ii) λi = λj = λk for different i, j , k and X is a constant multiple of ei .
Theorem 4.2. Let G be a three-dimensional unimodular Lie group equipped with a left-invariant metric
and let Γ be a discrete subgroup of G such that M = Γ \G is compact. We have the following cases:
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(i) if λ1 = λ2 = λ3, then any projection V of left-invariant unit vector fields minimizes the energy and
the volume and
E(V )= λ
2
1 + 6
4
Vol(M,g), Vol(V )= λ
2
1 + 4
4
Vol(M,g);
(ii) if λi = λj = λk and λi(λj − λi) 0 for different i, j , k, then the vector fields V =±ei minimize the
energy and the volume and
E(V )= λ
2
i + 6
4
Vol(M,g), Vol(V )= λ
2
i + 4
4
Vol(M,g).
Moreover, if λi = 0 then ±ei are the unique minimizers.
Proof. If λ1 = λ2 = λ3, using (4.10), we have that M = Γ \G has constant sectional curvature k = λ21/4.
Moreover, from Remark 4.1 and Table 2, every left-invariant unit vector field on G is harmonic (minimal)
and Killing. Then (i) follows applying Theorem 3.4.
If λi = λj = λk and V = ±ei, from (4.10) we have K(HV ) = λi(λj − 34λi) and c2 = λ2i /4. Hence,
K(HV )  c2 if and only if λi(λj − λi)  0. From Table 2 and Remark 4.1, V = ±ei are harmonic
(minimal) unit Killing vector fields and we use again Theorem 3.4 to show (ii). ✷
On Lie groups equipped with a left-invariant metric and consequently, on compact quotients by
discrete subgroups, the study of the restriction of the Hessian form at a critical point on the Lie algebra
does not give in general information about its stability. Nevertheless, it provides some information about
instability. In the rest of this section we treat all three-dimensional unimodular Lie groups and give all
the possibilities for the left-invariant unit vector fields where with our method we could decide about
the instability of the critical points of the energy and volume functional. Before we start with a detailed
investigation for each of these Lie groups separately, we prove a general and helpful result.
Table 2
G Conditions for λi Harmonic (minimal) Harmonic maps
unit vector fields
SU(2) λ1 = λ2 = λ3 S S
λ1 > λ2 = λ3 ±e1, S ∩ {e2, e3}R ±e1, S ∩ {e2, e3}R
λ1 = λ2 > λ3 ±e3, S ∩ {e1, e2}R ±e3, S ∩ {e1, e2}R
λ1 > λ2 > λ3 ±e1, ±e2, ±e3 ±e1, ±e2, ±e3
Γ \O(1,2) λ1 = λ2 ±e3, S ∩ {e1, e2}R ±e3, S ∩ {e1, e2}R
λ1 > λ2 ±e1, ±e2, ±e3 ±e1, ±e2, ±e3
Γ \E(2) λ1 = λ2 ±e3, S ∩ {e1, e2}R ±e3, S ∩ {e1, e2}R
λ1 > λ2 ±e3, S ∩ {e1, e2}R ±e1, ±e2, ±e3
Γ \E(1,1) ±e2, S ∩ {e1, e3}R ±e1, ±e2, ±e3
Γ \H(1,1) S ±e1, S ∩ {e2, e3}R
T 3 S S
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Theorem 4.3. Let G be a three-dimensional unimodular Lie group equipped with a left-invariant metric
and let Γ be a discrete subgroup such that Γ \G is compact. Then, for a cyclic permutation (i, j, k) of
(1,2,3), we have the following cases:
(i) if λi = λj , λi(λk − λi) < 0 or λk = 0, λiλj > 0, then each V ∈ S ∩ {ei, ej }R is an unstable critical
point for the energy and the volume on Γ \G with index at least 2;
(ii) if λi = λj , λi(λk − λi) > 0 or λk = 0, λiλj < 0, then the vector fields ±ek are unstable critical
points for the energy and the volume on Γ \G with index at least 2;
(iii) if λi = λj = λk = λi and λk(λj − λi) < 0 or λj (λk − λi) < 0, then V = ±ei are unstable critical
points for the energy and the volume. If λk(λj −λi) < 0, V has index at least 1. Moreover, the index
is at least 2 if λk(λj − λi) < 0 and λj (λk − λi) < 0.
To show Theorem 4.3, we shall use the following two lemmas.
Lemma 4.4. Let G be a three-dimensional unimodular Lie group equipped with a left-invariant metric
and V a harmonic unit vector field on Γ \G determined by V = xiei+xj ej (x2i +x2j = 1), i, j ∈ {1,2,3},
i = j, and with xi, xj constant. Then V is an unstable critical point for the energy if
(i) α < 0, or
(ii) β < 0,
where α = (µ2i −µ2j )(x2i − x2j ), β = µ2i x2i +µ2j x2j −µ2k and (i, j, k) is a cyclic permutation of (1,2,3).
If α < 0, V has index at least 1. Moreover, the index is at least 2 if α < 0, β  0 or α = 0, β < 0.
Proof. Let (i, j, k) be a cyclic permutation of (1,2,3) and X = xjei − xiej + xkek where xk is also
constant. Then, X ∈HV . From (4.7) we easily obtain
‖AV ‖2 = µ2i x2j +µ2j x2i +µ2k.
Furthermore, from this and (4.9), we get
‖∇X‖2 − ‖AV ‖2‖X‖2 =
(
µ2i −µ2j
)(
x2i − x2j
)+ x2k (µ2i x2i +µ2j x2j −µ2k)= α+ x2k β.
Now, from (2.2), when β < 0, then there exist sufficiently large xk ∈ R such that (HessE)V (X) < 0.
If α < 0, we obtain the same result taking xk = 0. Moreover, for α < 0, (HessE)V is negative on the
subspace generated by xj ei − xiej and if α < 0, β  0 or α = 0, β < 0, (HessE)V ({xjei − xiej , ek}R)
< 0. ✷
Lemma 4.5. Let G be a three-dimensional unimodular Lie group equipped with a left-invariant metric
and V a minimal unit vector field on Γ \G determined by V = xiei+xj ej (x2i +x2j = 1), i, j ∈ {1,2,3},
i = j, and with xi, xj constant. Then V is an unstable critical point for the volume if
(i) δ < 0, or
(ii) γ < 0,
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where
δ = (1+µ2i x2j +µ2j x2i )(µ2i −µ2j )(x2i − x2j )+µ2i µ2j − (µ2i x2j +µ2j x2i )(µ2i x2i +µ2j x2j ),
γ = µ2i x2i +µ2jx2j +µ2i µ2j −µ2k
(
1+µ2i x2j +µ2jx2i
)
and (i, j, k) is a cyclic permutation of (1,2,3).
If δ < 0, V has index at least 1. Moreover, the index is at least 2 if δ < 0, γ  0 or δ = 0, γ < 0.
Proof. From (4.7) we get
AV ei =−µixj ek, AV ej = µjxiek, AV ek =µk(xjei − xiej ),
where (i, j, k) is a cyclic permutation of (1,2,3), and so,
LV ei =
(
1+µ2i x2j
)
ei −µiµjxixjej ,
LV ej =−µiµjxixj ei +
(
1+µ2jx2i
)
ej ,
LV ek =
(
1+µ2k
)
ek.
Hence, f 2(V )= (1+ µ2k)(1 +µ2i x2j + µ2j x2i ) and the components Kqp of KV with respect to (e1, e2, e3)
are given by
Kki =−
µkxj
f (V )
(
1+µ2i x2j +µ2jx2i
)
, Kkj =
µkxi
f (V )
(
1+µ2i x2j +µ2jx2i
)
,
(4.11)Kik =
(1+µ2k)
f (V )
µixj , K
j
k =−
(1+µ2k)
f (V )
µjxi,
the other ones being zero. Then, ωV (V ), using (4.7), is given by
(4.12)ωV (V )= tr(KV ◦AV )=− 1
f (V )
((
1+µ2k
)(
µ2i x
2
j +µ2jx2i
)+µ2k(1+µ2i x2j +µ2j x2i )).
Next, let X= xj ei − xiej + xkek with xk also constant. From (4.7) we get
(∇X)ei =−µi(xkej + xiek),
(∇X)ej = µj(xkei − xjek),
(∇X)ek =µk(xiei + xjej ).
Then, we obtain
tr(KV ◦ ∇X)= µk
(
Kki xi +Kkj xj
)− (µiKikxi +µjKjk xj )
and
tr(KV ◦ ∇X)2 =
(
µiK
i
kxi +µjKjk xj
)2 +µ2k(Kki xi +Kkj xj )2.
So, from (4.11), it follows
(4.13)(tr(KV ◦ ∇X))2 − tr(KV ◦ ∇X)2 = 0.
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Finally, a detailed computation yields
tr
(
L−1V ◦ (∇X)t ◦AV ◦KV ◦ ∇X
)
(4.14)=− µ
2
i µ
2
j +µ2i x2i +µ2j x2j
f (V )(1+µ2i x2j +µ2jx2i )
((
1+µ2i x2j +µ2j x2i
)
µ2kx
2
k +
(
1+µ2k
)(
µ2i x
2
j +µ2j x2i
))
and
tr
(
L−1V ◦ (∇X)t ◦ ∇X
)
(4.15)
= 1
f 2(V )
{(
1+µ2k
)(
µ2i x
2
i +µ2jx2j +
(
µ2i +µ2j
)
x2k +µ2i µ2j
(
1+ x2k
))+µ2k(1+µ2i x2j +µ2jx2i )}.
Hence, by using (4.12)–(4.15) in (2.3), we obtain
(Hess Vol)V (X)= 1
f (V )
∫
M
(
1+µ2k
1+µ2i x2j +µ2j x2i
δ+ x2k γ
)
dv
and the result follows in a similar way as in the proof of Lemma 4.4. ✷
Proof of Theorem 4.3. If λi = λj = λk, λi = 0 or λk = 0, λiλj = 0, or equivalently, using (4.8),
µ2i = µ2j = µ2k, the set of left-invariant harmonic (minimal) unit vector fields on G is given by
{±ek} ∪ (S ∩ {ei, ej }R). For V = xiei + xj ej , x2i + x2j = 1, we have in Lemmas 4.4 and 4.5,
α = δ = 0, β = µ2i −µ2k, γ =
(
1+µ2i
)(
µ2i −µ2k
)
.
For V =±ek,
α = β = γ =µ2k −µ2i , δ =
(
1+µ2k
)(
µ2k −µ2i
)
.
Hence, using (4.8) and Lemmas 4.4 and 4.5, we easily get (i) and (ii).
If the λi are all different and non-vanishing, or equivalently, µ21 = µ22 = µ23 = µ21, then ±ei, i = 1,2,3,
are the left-invariant harmonic (minimal) unit vector fields in Table 2. Now, taking a cyclic permutation
(i, j, k) of (1,2,3), we have for V =±ei,
α = µ2i −µ2j , β = µ2i −µ2k, δ =
(
1+µ2i
)(
µ2i −µ2j
)
, γ = (1+µ2j)(µ2i −µ2k).
Then (iii) follows again from (4.8) and Lemmas 4.4 and 4.5. ✷
Next, we determine absolute minima, stable and unstable critical points for the energy and the volume,
and also estimate the corresponding index and nullity, in the set of the harmonic (minimal) vector field
projections of invariant vector fields which appear in Table 2. To do this, we simply apply Theorems 4.2
and 4.3, but we delete the detailed steps.
We start with SU(2). This is the group of 2×2 unitary matrices of determinant 1. It is compact, simply
connected and diffeomorphic to the unit 3-sphere S3.
Proposition 4.6. On SU(2) we have:
(i) If λ1 = λ2 = λ3, then any left-invariant unit vector field minimizes the energy and the volume;
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(ii) if λ1 > λ2 = λ3, then ±e1 are unstable critical Killing vector fields for the energy and the volume
with index at least 2;
(iii) if λ1 = λ2 > λ3, then the Killing vector fields ±e3 are the unique absolute minimizers of the energy
and the volume functional and each V ∈ S ∩ {e1, e2}R is unstable critical with index at least 2;
(iv) if λ1 > λ2 > λ3, then ±e1, ±e2 are unstable critical for the energy and the volume with index at
least 2 and 1, respectively.
For the left-invariant metrics g on SU(2) in (ii) and (iii), the Ricci operator has exactly two different
eigenvalues which are positive. Then (SU(2), g) is a non-symmetric naturally reductive homogeneous
Riemannian manifold and the dimension of the group of its isometries I (SU(2), g) is four (see [31]).
Note also that the fields ±e1 appearing in (ii) are the first examples in dimension three of unit Killing
vector fields which are do not determine local minima for the energy and for the volume functional.
The left-invariant metrics in (i) are bi-invariant and so, the right-invariant vector fields are Killing and,
applying again Theorem 3.4, they are absolute minimizers for the energy and the volume functional.
Furthermore, we also conclude from the same theorem that all unit Killing vector fields on SU(2) with
bi-invariant metrics g minimize the energy and the volume. Since (SU(2), g) is isometric to the 3-sphere
S3(r), for some radius r, and since the set of its Hopf vector fields coincides with that of its unit Killing
vector fields, we obtain directly the following known result (already mentioned in the Introduction)
about the absolute minimality of Hopf vector fields for the energy and volume functional on the unit
3-sphere S3. Furthermore, it yields a new result for spheres S3(r) of arbitrary radius when the volume
functional is considered (compare with [16]).
Corollary 4.7. The Hopf vector fields on S3(r) minimize the energy and the volume functional.
Next, we consider the Lorentz group O(1,2). Its identity component is isomorphic to the group of
rigid motions of hyperbolic 2-space. O(1,2) is simple but not compact.
Proposition 4.8. On Γ \O(1,2) we have:
(i) If λ1 = λ2, λ3 < 0, then V ∈ S ∩ {e1, e2}R is unstable critical for the energy and the volume with
index at least 2;
(ii) if λ1 > λ2, λ3 < 0, then ±e1, ±e2 are unstable critical for the energy and the volume and ±e2 have
index at least 2.
The group E(2) of the rigid motions of Euclidean 2-space and also the commutative group R⊕R⊕R
admit a discrete subgroup Γ such that the quotient is a torus.
Proposition 4.9. On Γ \E(2) we have:
(i) If λ1 = λ2 > λ3 = 0, then ±e3 are Killing vector fields having an absolute minimum for the energy
and the volume functional and each V ∈ S ∩ {e1, e2}R is unstable critical with index at least 2;
(ii) if λ1 > λ2 > λ3 = 0, then V ∈ S ∩ {e1, e2}R is unstable critical for the energy and the volume with
index at least 2.
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E(1,1) is the group of rigid motions of Minkowski 2-space and here we have
Proposition 4.10. On Γ \ E(1,1), ±e2 are unstable critical points for the energy and the volume with
index at least 2.
Finally, we consider the 3-dimensional Heisenberg group H. Its Lie algebra is given by
(4.16)[e2, e3] = λ1e1, [e1, e2] = [e1, e3] = 0
with λ1 > 0. e1 determines the center of the Lie algebra of H and it is a special invariant vector field: it
is Killing and harmonic.
Note that a homothetic change of the metric does not change the considerations about critical unit
vector fields and about absolute minimality, stability and instability when considering the energy of unit
vector fields, but this is not so when one treats the volume functional (see [16]). In what follows we
restrict to the energy since we did not yet get definite results for the volume as for the latter case the
problem appears to be different and much more complicated.
Since all left-invariant metrics on H are homothetic, we take the metric corresponding to λ1 = 1.
Here H may be identified with the group of all real matrices of the form
 1 x y0 1 z
0 0 1


with left-invariant metric g = dx2 + dz2 + (dy − x dz)2. Now, let Γ ⊂ H be the discrete subgroup of
matrices with integer entries. Then the space of right cosets M = Γ \ H is compact. On M we study
the stability of V = e1. First, we note that the curvature tensor R has the following non-vanishing
components:
R(e2, e3, e2, e3)=− 34 , R(V, e2, V , e2)=R(V, e3, V , e3)= 14 .
Hence, K(HV ) = − 34 and K(V,X)= 14 = c2, for all X ∈HV . So, we cannot apply Theorem 3.4. Just
after the statement of Proposition 4.6 we noted the existence of unit harmonic Killing vector fields which
do not minimize the energy. In what follows we show that the vector field V = e1 on M is stable.
Unfortunately, we are not able to prove yet that it minimizes the energy. If it would, we would be
able to conclude positively about the existence of absolute minimizers which are not Killing. Indeed,
it follows from the definition of the total bending and (4.9) with µ21 = µ22 = µ23 = 14 , that all projections
of left-invariant unit vector fields X on H have the same energy
E(X)= 32 Vol(M,g)+B(X)= 74 Vol(M,g).
So, they all would minimize the energy. But not all of them are Killing. Hence, and to our knowledge,
the above mentioned existence problem remains open. On the other hand and this context, we are now
able to prove the following result.
Proposition 4.11. On M we have:
(i) the vector field V is stable for the energy functional and its nullity is 2;
(ii) V determines an absolute minimum on {cosλV + sinλX | λ ∈R, X ∈HV ∩X1(M)}.
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Proof. Let X = x2e2 + x3e3 ∈HV . Then, using (4.9), we get
‖∇X‖2 − ‖AV ‖2‖X‖2 =
3∑
i=1
(
e2i (x2)+ e2i (x3)
)+ x3e1(x2)− x2e1(x3).
Since div(ei)= 0 for i = 1,2,3, we have div(f ei)= ei(f ) and hence we obtain
0=
∫
M
div(f hZ)dv =
∫
M
(fZh+ hZf )dv
for continuous functions f and h on M and for Z = ei, i = 1,2,3. Using this and taking into
account (4.16), we have∫
M
(
x3e1(x2)− x2e1(x3)
)
dv= 2
∫
M
x3e1(x2)dv = 2
∫
M
x3
(
e2
(
e3(x2)
)− e3(e2(x2)))dv
= 2
∫
M
(
e2(x2)e3(x3)− e2(x3)e3(x2)
)
dv.
From here, we obtain
(HessE)V (X)=
∫
M
((
e2(x2)+ e3(x3)
)2 + (e2(x3)− e3(x2))2 + e21(x2)+ e21(x3))dv  0.
If (HessE)V (X)= 0, then V (x2)= V (x3)= 0, e2(x2)=−e3(x3), e2(x3)= e3(x2). Hence,
@x2 = e2
(
e2(x2)
)+ e3(e3(x2))=−[e2, e3](x3)=−V (x3)= 0.
In similar way, @x3 = 0 and therefore x2, x3 are constant and the nullity space has dimension 2. This
proves (i).
Next, we prove (ii). Let X = x2e2 + x3e3 ∈HV ∩X1(M) and Z = cosλV + sinλX. Then
E(Z)−E(V )=B(Z)−B(V )= 1
2
∫
M
(‖∇Z‖2 − ‖∇V ‖2)dv
= 1
2
sin2 λ
∫
M
(‖∇X‖2 − ‖AV ‖2)dv − sinλ cosλ
∫
M
〈AV ,∇X〉dv.
On the other hand, a straightforward computation using (4.7) yields
〈AV ,∇X〉 = 12
(
e2(x3)− e3(x2)
)= 1
2
div(x3e2 − x2e3).
From this, we get at once∫
M
〈AV ,∇X〉dv = 0.
Hence,
E(Z)−E(V )= 1
2
sin2 λ(HessE)V (X) 0. ✷
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Remark 4.12. As already mentioned in Section 1 and as follows from Table 2, all Hopf vector fields V
on S3(1) are harmonic unit vector fields which give absolute minima for the energy. In this case, we have
E(V )= 52 VolS3(1). For the higher-dimensional spheres, all Hopf vector fields are unstable and it is yet
unknown if absolute minima exist.
For the three-dimensional space M = Γ \H obtained from the three-dimensional Heisenberg group,
we have some similar result. It follows from Table 2 that all projections V of left-invariant vector fields
on H are harmonic unit vector fields on M, and as already mentioned above, they all have the same
energy E(V ) = 74 Vol(M,g). For the unit vector field generating the center of the Lie algebra we also
proved stability but we are yet unable to decide about the existence of absolute minima.
In what follows we consider the behaviour of the same vector field for the manifold M2r+1 = Γ \H 2r+1
obtained in a similar way from the higher-dimensional classical Heisenberg groups and compare its
behaviour with that of the Hopf vector fields on the spheres S2k+1(1).
The (2r + 1)-dimensional Heisenberg group H 2r+1 is isomorphic to the group of matrices of the form
 1 A c0 Ir B t
0 0 1


where Ir denotes the identity matrix of type r × r and where A= (a1, . . . , ar) ∈ Rr , B = (b1, . . . , br) ∈
R
r and c ∈R. Then there exists a basis (ei, er+i , ξ ; i = 1, . . . , r) such that the Lie bracket is given as
[ei, er+i] = ξ, i = 1, . . . , r,
the other brackets being zero. On H 2r+1 we consider the left-invariant Riemannian metric such that the
vectors ei , ξ, i = 1, . . . ,2r, determine an orthonormal basis. Then H 2r+1 is a unimodular Lie group and
the corresponding Levi-Civita connection is determined by
∇ei er+i =−∇er+i ei =
1
2
ξ,
∇ei ξ =∇ξ ei =−
1
2
er+i ,
∇er+i ξ =∇ξ er+i =
1
2
ei,
i = 1, . . . , r, where the remaining covariant derivatives of the basic vectors vanish. (See [20] for more
details about this special case of generalized Heisenberg group.)
Next, let Γ be the discrete subgroup of matrices of H 2r+1 with integer entries and let M2r+1 =
Γ \ H 2r+1 be the space of right cosets. Then M2r+1 is a compact nilmanifold. It follows from [21]
that for r > 1 the set of left-invariant harmonic unit vector fields on M2r+1 is given by {±ξ } ∪ (ξ⊥ ∩ S)
where S denotes the unit sphere of the Lie algebra of H 2r+1.
A direct computation shows that for V =∑ri=1(xiei + xr+ier+i)+ x2r+1ξ with xi, xr+i , x2r+1 constant
and with
∑2r+1
k=1 x
2
k = 1, we have
‖AV ‖2 = 12
{
1+ (r − 1)x22r+1
}
and hence, we obtain for the total bending
B(ξ)= r
4
Vol
(
M2r+1, g
)
, B(V )= 1
4
Vol
(
M2r+1, g
)
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for V orthogonal to ξ. Hence, all projections of left-invariant harmonic unit vector fields on H 2r+1 have
the same energy if and only if r = 1.
Finally, we consider the stability of the Killing vector field ξ.We put X=∑ri=1(xiei+xr+ier+i ) ∈Hξ .
Then we get
‖∇X‖2 − ‖Aξ‖2‖X‖2 =
r∑
i,j=1
{(
ei(xj )
)2 + (ei(xr+j ))2 + (er+i(xj ))2 + (er+i (xr+j ))2}
+
r∑
i=1
{(
ξ(xi)
)2 + (ξ(xr+i))2 + 1− r2
(
x2i + x2r+i
)
+ xr+iξ(xi)− xiξ(xr+i)
}
.
From this we get
(HessE)ξ (ei)= (HessE)ξ (er+i )= 1− r2 Vol
(
M2r+1, g
)
, i = 1, . . . , r.
So, this implies that the projection of the unit vector field ξ is stable if and only if r = 1. We also conclude
that for r > 1, the projection of ξ is unstable with index at least 2r.
We finish with some remarks concerning the volume which are similar to the ones made above for the
energy. For the three-dimensional Heisenberg group corresponding to (4.16), an easy computation shows
that on M = Γ \H all projections of left-invariant unit vector fields V have the same volume
Vol(V )=
(
1+ λ
2
1
4
)
Vol(M,g),
while on M2r+1, and by taking [ei, er+i] = λ1ξ, i = 1, . . . , r, we get
Vol(ξ)=
(
1+ λ
2
1
4
)
Vol
(
M2r+1, g
)
, Vol(ei)=
(
1+ λ
2
1
4
)r
Vol
(
M2r+1, g
)
.
Hence, we obtain that the projections of all left-invariant unit vector fields have the same volume if and
only if r = 1.
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